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In this paper, a new analytical method for projectile deformation and penetration into a semi-inﬁnite target has been
developed. This method is based on separated, successive and incremental steps. In deformation step, the target
assumed rigid and the increment of projectile deformation was evaluated, whilst in penetration step, the projectile
assumed rigid and the increment of penetration was evaluated. These sequential steps continued untill the projectile
stopped.
Furthermore, a series of ballistic tests have been carried out with ogival projectiles with striking velocity of 600–
900 m/s. The projectiles and target plates material has been chosen from 4 types of steel. In this way, 210 tests for
48 combinations of projectile, target and velocity have been carried out. Numerical simulation has been also performed
using the LS-DYNA code.
Comparison between the depth of penetration obtained by this analytical method and those of the experimental and
numerical ones shows a good agreement.
 2005 Elsevier Ltd. All rights reserved.
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Many analytical models have already been presented for penetration analysis of projectiles into target
plates, but due to some complications and scientiﬁc advances, investigators eﬀorts have continued to
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basic problems.
In most previous models, developed for penetration analysis of small calibre and ogival projectile with
the striking velocity up to 1000 m/s, projectiles have been assumed rigid. Although the assumption of
rigidity for a projectile is in the safe side in armor plate design, considering the projectile deformation
during penetration process is an interesting and of course complicated subject for theoretical study and
optimum design of armors.
As a review of the important analytical models, we may point out to the works carried out by Recht
(1967), by approximating of resistant force on projectile (Forrestal et al., 1988, 1991) based on spherical
and cylindrical cavity expansion theories and approximating of resistant force (Dikshit and Sundararajan,
1992; Liaghat and Malekzadeh, 1999) by balancing the rate of dissipated work in target with kinetic energy
changes of projectile (Yarin et al., 1995; Roisman et al., 1997; Yossifon et al., 2001) by considering a
potential function and calculating the velocity and stress ﬁelds in elastic and plastic regions of target,
and Chen and Li (2002), by using dynamic cavity expansion theory for ogival, conical and blunt projectiles
and metalic, concrete and soil targets, have presented models for penetration analysis of rigid projectiles
into semi-inﬁnite metallic targets.
Inmost analytical models that projectile deformation has been considered, the projectile is assumed to be a
long rodwith cylindrical geometry and striking velocitymore than 1000 m/s. For instance (Alekseevskii, 1966;
Tate, 1967) by modifying Bernoulli equation and considering strength parameters of projectile and target
(Woodward, 1982) by a one-dimensional model and considering projectile and target as two striking cylinders
in mushrooming and erosion cases (Jones andGillis, 1987) by deﬁning a relation for pressure and considering
mushrooming strain (Luk and Piekutowski, 1991) by assuming three phases including head formation, steady
and secondary penetration, as well as solving survival and motion equations for every phase (Yaziv and
Riegel, 1993) by modifying integral theory (Ravid and Bodner, 1994) by a two-dimensional model based
on dynamic plasticity, and balancing the rate of total work on projectile and target (Roisman et al., 2001)
by assuming a potential function for velocity and approximating stress ﬁelds in projectile and target, and
Rubin andYarin (2002) by developing a algebraic generalized formula for eroding and rigid penetration have
considered projectile deformation in penetration process in diﬀerent ways.
Recently, Chen and Li (2004) found a transition point between the rigid- projectile penetration and the
semi-hydrodynamic penetration. Also they have discussed on upper and lower limit of this regimes.
The diﬀerent regimes of projectile penetration into target can be deﬁned as follows:
(a) Rigid projectile penetration.
(b) Penetration of deformable projectile, without erosion.
(c) The semi-hydrodynamic regime at high velocity with erosion (the range of validation of Tates model).
(d) The hydrodynamic regime at hypervelocity impact.
The method presented in this paper, related to case (b), which means deformable projectile without ero-
sion. The projectile has been assumed cylindrical with ogival nose and striking velocity up to 1000 m/s. A
method has been presented to describe projectile deformation and penetration in successive steps.
For validation, a series of terminal ballistic tests and numerical simulations have been also carried out
for comparison. The details are reported in Khodarahmi et al. (2003) works.2. Description of incremental deformation and penetration method
In this method, two processes of deformation and penetration of the projectile are calculated succes-
sively, in small time increments. In each deformation step of solution, the target surface is assumed rigid
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of velocity are calculated. In the next (penetration) step, the projectile is assumed rigid and penetrates into
the target, and the increment of penetration of the rigid projectile is calculated (Fig. 1). These sequential
steps continue until the projectile stops.
The results of the deformation step, including the decrease of velocity, the length reduction and the
geometry changes are considered in the next (penetration) step. Then, in the penetration step, the decrease
of projectile velocity due to resistance of the target surface are considered in the next (deformation) step.
The assumptions considered and the reasons are as follows:
(1) After initially transient phase of impact, the contact surface between the projectile and target has been
assumed as a part of sphere, then with increasing of deformation and penetration, and after inversion
of projectile nose material it will become as hemisphere with cylindrical extension. Based on this
assumption, the fundamental diﬀerential equations of Hawkyards model (1969), presented for anal-
ysis of cylindrical projectile impacted to a rigid ﬂat surface, with some changes, has been applied for
analyzing the impact of ogival projectile to a rigid spherical cavity in projectile deformation steps.
Also the diﬀerential equations of Forrestals model (1988, 1991), presented for penetration analysis
of rigid projectile with spherical nose, have been used in rigid penetration steps, by making some
changes.
(2) Based on experimental results, obtained by Khodarahmi et al. (2003), the diameter of cavity is near
twice the projectile diameter in the range of applied velocities. Thus the cavity diameter has been
assumed equal to twice the projectile diameter in this model, for simplicity.
(3) In this investigation, the added mass and projectile erosion have not been considered, thus the mass of
projectile was assumed constant.
(4) It has been found that the friction coeﬃcient in contact surface is dependent to current velocity of
projectile. Also the parametric studies, analytically done by Khodarahmi et al. (2003) have shown that
with increasing of the friction coeﬃcient from 0.05 to 0.15, the penetration depth would decrease near
to 6%; therefore this coeﬃcient has been assumed constant, equal to 0.1, for simplicity.
A computational program has been developed after modeling the physical phenomena. In this program,
deformation and rigid penetration steps are calculated by separated subroutines. The results of each step,Fig. 1. Sequential deformation and penetration steps.
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tinue till the velocity of projectile becomes zero. Then, the total depth of penetration and the ﬁnal length of
projectile are obtained.
2.1. Deformation of the projectile impacted to rigid spherical cavity
By assuming spherical surface of cavity in an intermediate deformation step, the striking of a cylindrical
projectile to a rigid spherical cavity has been analyzed. Then this analysis, with some changes, was devel-
oped for an ogival projectile. After striking a cylindrical projectile to a rigid surface, ﬁrst an elastic stress
wave moves along the projectile and then, a plastic wave propagates with lower velocity as plastic defor-
mation. During each step of deformation an element of the projectile with length dx and cross-section
A0 passes through the plastic wave front and deforms to a layer with thickness dy and area A, according
to the geometry of cavity with radius r (Fig. 2). Based on kinematics of deformation, the following relations
can be written:dx ¼ dsþ dy ð1Þ
ds
dt
¼ V ð2Þwhere V and ds are the velocity and the displacement increment of free end of the projectile, respectively.
Using mass conservation we have:A0 dx ¼ Ady ð3Þ
Based on energy conservation and balancing of kinetic energy decrease with plastic work during time dt,
similar to the Hawkyards method, we may write:1
2
qpV
2 ¼ Y p½lnðA=A0Þ  ð1 A0=AÞ ð4ÞFig. 2. Deformation modeling of cylindrical projectile impacted to rigid spherical cavity.
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for non-deformed portion of the projectile isY pA0 ¼ qpxA0
dV
dt
ð5Þwhere x is non-deformed length of the projectile.
The radius of cavity at current time is obtained versus initial radius R, and total thickness of previous
deformed elements y as (Fig. 2):r ¼ R y ð6Þ
Also the height of edge of the deformed element with respect to natural surface is obtained by using the
area of spherical surface A ash ¼ A=2p r  dy
2
 
ð7ÞThe position of edge of deformed element, with respect to the coordinate system ﬁxed on bottom of cav-
ity is obtained byx1 ¼ y þ dy
2
þ h ð8Þ
r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r  dy
2
 2
 r  h dy
2
 2s
ð9Þwhere x1 and r1 are positions in axial and radial directions, respectively.
In an independent problem of deformation analysis of a projectile, impacted to a rigid cavity surface,
ﬁnal proﬁle of projectile, including deformed and non-deformed lengths may be obtained by solving
Eqs. (1)–(5) and using relations (6)–(9).
In incremental deformation and penetration method in each deformation step, by considering a time
increment dt, the increments of displacement of free end (ds), initial thickness of deformed element (dx),
thickness of the element after deformation (dy), decrease of projectile velocity (dV) and area A can be
obtained. The new values of these variables are calculated from the values in current step m and their incre-
ments by following relations:smþ1 ¼ sm þ ds ð10Þ
xmþ1 ¼ xm  dx ð11Þ
ymþ1 ¼ ym þ dy ð12Þ
V mþ1 ¼ V m  dV ð13ÞAlso, the radius of spherical cavity at the end of the step isrmþ1 ¼ rm  dy ð14Þ
The next step of solution (penetration step) starts after modifying the variables.
In the case of cylindrical projectile with ogival nose (Fig. 3), for each small dx increment of projec-
tile length, the geometry is near to a cylindrical increment. Thus above relations may be used after correc-
tion of the cross-section. The initial cross-section of each element is a function of x-position and obtained
byAx ¼ pr2x ð15Þ
Fig. 3. Geometry of ogival projectile.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2og  ðx LcylÞ2
q
 ðRog  R0Þ; Lcyl < x < Lt
rx ¼ R0; x < Lcyl
ð16Þwhere R0 is the radius of projectile at cylindrical region, Rog is the curvature radius of ogival nose, Lcyl is the
cylindrical length and Lt is the total length of projectile.2.2. Rigid penetration analysis of a projectile into a semi-inﬁnite target
During penetration of the projectile into the target, it is assumed that the nose geometry of projectile,
which is in contact with cavity surface, is a part of a sphere. By progressing of penetration and further
deformation of the projectile, the nose geometry can be converted to a hemisphere, and after more defor-
mation and edge inversion, to hemisphere with cylindrical extension. In rigid penetration analysis of the
projectile, a method has been used similar to Forrestals model (1988, 1991) presented for rigid penetration
analysis of a projectile with hemispherical nose.
By considering normal stress (rn) and tangential stress (rt = lrn) due to friction, and calculating the
axial components and integrating on the nose surface, the axial force on the projectile, whose direction
is opposite of the motion, is obtained byF z ¼ pr2n
Z hn
0
rnðV ; hÞ½sin 2hþ 2lsin2hdh ð17Þwhere rn and hn have been shown in Fig. 4.
The velocity of the target particles in the interface of projectile and cavity, due to rigid penetration with
velocity V, isV rðV ; hÞ ¼ V cos h ð18ÞUsing results of spherical cavity expansion theory, the radial stress on the cavity surface or the normal
stress on the nose of projectile is obtained by
Fig. 4. Geometrical parameters of projectile nose.
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 1=2
V cos h
" #2
ð19Þ
As ¼ 2
3
1þ ln Et
3ð1 mtÞY t
  
; Bs ¼ 3=2 ð20Þwhere Yt, qt, Et and mt are yield strength, density, Youngs modulus and Poissons ratio of the target, respec-
tively, and the constants As and Bs are given for incompressible elastic-perfectly plastic target.
Substituting rn from (19) to (17), resistant axial force Fz on the nose of the projectile is obtained byF z ¼ an þ bnV 2 ð21Þ
an ¼ pr2nY tAs
1 cos 2hn
2
þ l hn  1
2
sin 2hn
  
bn ¼
1
16
pr2nqtBs 5 4 cos 2hn  cos 4hn þ lð4hn  sin 4hnÞ½ 
ð22Þwhere angle hn is obtained from Fig. 4 ashn ¼ tg1 r1R x1
 
; x1 < R
hn ¼ p=2; x1 P R
ð23ÞAlso the projectile equation of motion ism
dV
dt
 
¼ mV dV
dZ
 
¼ F z ð24ÞThus, the increment of penetration depth is obtained bydZ ¼ mV dV =ðF zÞ ð25Þ
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obtained by integrating Eq. (25) and using the axial force Fz from Eq. (21):Zf ¼
Z Zf
0
dZ ¼ 
Z 0
Vo
ðmV =F ZÞdV ð26Þ2.3. Combination of the projectile deformation and rigid penetration analysis in a new method
In the method of incremental deformation and penetration analysis, in a step of projectile deformation,
for a time increment dt, values of ds, dx, dy, dV and A are evaluated by solving Eqs. (1)–(5) and using
relations (6)–(9), and the target is assumed rigid. Modiﬁed values of these variables are calculated by
relations (10)–(14).
Then, in a step of rigid penetration, values of dV and dZ are obtained by relations (21)–(25), and
modiﬁed values are calculated by following relations:V mþ1 ¼ V m  dV ð27Þ
Zmþ1 ¼ Zm þ dZ ð28ÞInitial conditions in this process are deﬁned ass ¼ 0; x ¼ L0; y ¼ 0; V ¼ V 0; A ¼ A0; Z ¼ 0
where L0, V0 and A0 are initial length, striking velocity and initial cross-section of projectile.
Incremental calculations of the problem are performed in successive steps of deformation and rigid pen-
etration. These steps are continued until the projectile is stopped. Consequently, the total depth of penetra-
tion (Zf) of the projectile is obtained by summing the increments dZ.3. Terminal ballistic tests
For comparison of results, a series of ballistic tests have been carried out by using cylindrical projectiles
with ogival nose, 6.7 mm diameter, 34.4 mm length and 7.7 g mass and 30 · 30 cm target plates with 25 mm
thickness. The schematic setup of experiments, is shown in Fig. 5.
Four kinds of steel with diﬀerent strength and hardness have been used in the tests for projectiles and
targets. Also, the striking velocity of projectile has been programmed at three levels: 650, 750 and
850 m/s.
At least four repetitions have been done for each type of test and totally 210 ballistic tests were carried
out, which some results have been presented in this paper for comparison.Fig. 5. Terminal ballistic tests setup.
H. Khoda-rahmi et al. / International Journal of Solids and Structures 43 (2006) 569–582 577The initial velocity of projectiles have been measured by two optic windows. An oscillator device starts
to count when a projectile passes through the ﬁrst window. Then the counter is stopped, when it passes
through the second window. The passing time of the projectile between the windows is measured, and then
the average velocity is calculated by dividing the distance by the time.4. Numerical simulation
Simulation of the process has been done using the LS-DYNA code. The projectile and the target have
been modeled by axisymmetric elements. Thus, the target plate has been considered as a cylinder with
60 mm diameter (Fig. 6a).
Nodes of circumference of target cylinder have been ﬁxed, and symmetry conditions have been used for
nodes on symmetry axis.
The Johnson–Cook material model and Gruneisen equation of state have been used for both parts. In
the initial simulation due to ogival nose of projectile and high deformation of elements at contact region,
the running stopped after 18 ls and error message is received (Fig. 6b). Therefore the element failure ability
of the Johnson–Cook model has been used for solving this problem. Thus, before the high deformation and
receiving error message, critical elements are failed and deleted. By deletion of a few obtrusive elements,
running is continued until the projectile stops. Numerical values of depth of penetration (DOP) have been
measured from vertical distance of bottom of the cavity to the initial surface of the target plate.5. Results and discussion
Two limit combinations of projectile and target(including hard projectile-soft target and soft projectile-
relatively hard target) among sixteen combinations, have been selected for discussion in this paper.Fig. 6. (a) Finite element modeling of projectile and target, (b) deformation of elements at contact surface.
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Table 1, and analytical values of depth of penetration obtained from the new method, with experimental
and numerical values from tests and simulations in Table 2.
Analytical, numerical and experimental results of test no. 19 (projectile M1, target P7 and striking veloc-
ity 760 m/s) have been given in Fig. 7 and shows qualitatively good agreement.
The graphs of penetration depth versus striking velocity for two combinations of projectile and target
have been shown in Figs. 8 and 9. In these ﬁgures, it is obvious that with velocity in the range of
600–900 m/s, the values of penetration depth of projectile obtained from the analytical model have a very
good agreement with respect to the experimental values at moderate to upper velocities. At lower velocities,
results of the analytical model for depth of penetration are slightly higher than experimental values.
Also results of numerical simulations using LS-DYNA are in agreement with experimental values, in the
range of applied velocity.
In addition the results of Forrestals model for rigid penetration of a projectile with similar material and
geometry including diameter and length, but with a spherical nose, have been shown in Figs. 8 and 9. These
curves show that, the results of Forrestals model for penetration depth are very high with respect to experi-
mental and numerical values, in the applied conditions of materials and velocities. This fact is based on twoTable 1
Strengths of projectiles and target plates
Projectile Target
Code Sy (MPa) Su (MPa) Code Sy (MPa) Su (MPa)
M3 308 496 P2 382 543
M1 533 603 P7 308 462
Table 2
Analytical, experimental and numerical values of penetration depth
Case Test no. V0 (m/s) Analytical DOP (mm) Experimental DOP (mm) Numerical DOP (mm)
Projectile: M3 Target: P2 120 858 8.2 8.50 8.86
121 849 8.1 7.46 8.37
122 851 8.1 7.51 8.58
115 758 7.1 6.89 6.45
116 750 7.0 6.15 6.23
117 746 6.9 5.43 6.20
111 650 5.8 4.32 3.98
113 656 5.8 4.08 4.17
114 630 5.5 4.61 3.66
Projectile: M1 Target: P7 14 858 9.4 10.65 9.36
15 850 9.3 9.62 9.17
16 846 9.2 9.15 9.03
17 768 8.2 8.84 7.09
19 760 8.1 6.46 7.06
20 780 8.4 9.38 7.31
21 648 6.6 2.99 4.57
23 650 6.6 3.45 4.61
24 660 6.7 4.97 4.76
Fig. 7. Penetration analysis results (Projectile M1, Target P7, velocity = 760 m/s): (a) deformation and penetration from analytical
modeling, (b) numerical simulation by LS-DYNA, (c) deformed projectile after ballistic test.
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Fig. 8. The depth of penetration versus striking velocity (Projectile M1, Target P7).
Fig. 9. The depth of penetration versus striking velocity (Projectile M3, Target P2).
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at nose, leads to more penetration. The second one is that there is no dissipation of kinetic energy due to
projectile deformation. However in the analytical model presented in this paper, the mushrooming and dis-
sipation of energy due to the projectile deformation have been considered, therefore it has given the better
results in this conditions.
The diﬀerence of the analytical values, obtained by this model, with experimental results at lower veloc-
ities may be explained by two reasons. The ﬁrst one related to the fact that the Forrestals rigid penetration
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aﬀects on rigid penetration steps of the new modeling. The second reason related to the assumption of con-
stant cavity diameter, which has been considered in deformation steps of process. This assumption is almost
correct at most of process at high striking velocities, but at lower striking velocities, it is valid only at the
second half of process.
Totally this method has some advantages and disadvantages as follows:
Advantages:
1. This method presents a new idea for analysis of contact/penetration of projectile and target plate. In this
method, the interaction between the projectile and target has been divided to two distinct parts, includ-
ing rigid projectile-deformable target and deformable projectile-rigid target. Therefore, by some correc-
tions in this method, an extensive range of problems, from perfectly rigid penetration into target plate to
projectile mushrooming due to impact to rigid target, may be covered.
2. Although in this paper, the Hawkyard model has been used for projectile deformation and Forrestals
model for rigid penetration, but other modiﬁed models may be used and replaced, for modiﬁcations.Disadvantages:
1. The assumptions related to spherical contact surface of projectile and target, and constant cavity diam-
eter (equal to twice of projectile diameter), although are not far from realistic views, but they may not be
accurate.
2. Due to some diﬃculties, the ballistic tests have been carried out at a limited range of velocity (600–
900 m/s), and limited range of strength for projectile and target materials. Thus, for extension of this
method to a wide range of velocities and strengths, many other tests might be programmed.6. Conclusion
In this paper, using two previous analytical models for deformation analysis and penetration analysis
of a projectile, a new penetration analysis method for deformable projectile has been developed. In this
method, deformation and penetration of projectile have been analyzed in separated, successive and incre-
mental time steps. In each deformation step, the target was assumed rigid and the increment of the projec-
tile deformation has been evaluated, using the Hawkyards fundamental relations with some modiﬁcations.
Also in each penetration step, the projectile has been assumed rigid and the increment of penetration of
rigid projectile calculated using the Forrestals model, based on cavity expansion theory and by some
changes. Comparison of the penetration depth obtained by the new method with experimental values from
a series of ballistic tests and numerical simulations by LS-DYNA shows good agreement, especially at
velocities higher than 750 m/s. Therefore, this method can be used for considering the projectile deforma-
tion during penetration analysis. In addition, it seams that this method, by some considerations, may be
used in an extensive range of problems, from perfectly rigid penetration into target plate to projectile mush-
rooming due to impact to rigid target.References
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